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Exercise 2

Show that

(a) Res
z=πi

z − sinh z

z2 sinh z
=
i

π
;

(b) Res
z=πi

exp(zt)

sinh z
+ Res
z=−πi

exp(zt)

sinh z
= −2 cosπt.

Solution

Part (a)

The residue at z = iπ can be calculated by

Res
z=iπ

z − sinh z

z2 sinh z
=
p1(iπ)

q′1(iπ)
,

where p1(z) is set to be the function in the numerator and q1(z) is set to be the function in the
denominator.

p1(z) = z − sinh z ⇒ p1(iπ) = iπ − i sinπ = iπ

q1(z) = z2 sinh z → q′1(z) = 2z sinh z + z2 cosh z ⇒ q′1(iπ) = 2(iπ)i sinπ + (iπ)2 cosπ = π2

Therefore,

Res
z=iπ

z − sinh z

z2 sinh z
=
i

π
.

Part (b)

The residues at z = iπ and z = −iπ can be calculated by

Res
z=πi

exp(zt)

sinh z
=
p2(iπ)

q′2(iπ)

Res
z=−πi

exp(zt)

sinh z
=
p2(−iπ)
q′2(−iπ)

,

where p2(z) is set to be the function in the numerator and q2(z) is set to be the function in the
denominator.

p2(z) = exp(zt) ⇒

{
p2(iπ) = exp(iπt)

p2(−iπ) = exp(−iπt)

q2(z) = sinh z → q′2(z) = cosh z ⇒

{
q′2(iπ) = cosh iπ = cosπ = −1

q′2(−iπ) = cosh(−iπ) = cos(−π) = −1

Therefore,

Res
z=πi

exp(zt)

sinh z
+ Res
z=−πi

exp(zt)

sinh z
=

exp(iπt)

−1
+

exp(−iπt)
−1

= − cosπt−����i sinπt− (cosπt−����i sinπt)

= −2 cosπt.

www.stemjock.com


